MATH 200 — MIDTERM 2 — PRACTICE QUESTIONS

PEYAM RYAN TABRIZIAN

Note: Here are some practice questions for the exam, and I'm hoping that
they are representative of the difficulty of the exam. Just like last time, the
midterm will have 4 questions, but this time I’m expecting the questions to
all have the same length. I would like to remind you that the actual exam
covers not just those practice questions, but also everything covered in lec-
ture, in the book, and the homework. Please refer to the study guide if you
want to know exactly what to study.

Date: Friday, April 21, 2017.
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1. Label the following statements as TRUE (T) or FALSE (F). Any
correct answer gives you 2 points, and any incorrect answer gives
you 0 points. You do NOT get points off for an incorrect answer,
and you do NOT need to justify your answers.

@ (a) The union of any number of countable sets is countable.
@ (b) The intersection of any number of countable sets is countable
AMe on ANY (O C C
@ (c) For any £, we have that f~1(f(&)) = A, even if f isn’t invert-
ible.
@ (d) The relation p ~ g if and only if p = g is an equivalence rela-
tion on the set of all statements.
@, (e) A={z | « ¢ A} isaset.
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2. Show by induction (or strong induction) that every positive integer
n can be written as a sum of distinct powers of two.

For example, we can write 7 = 1 + 2 + 2%,

Hint: Argue in terms of whether n is even or not.
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3. A single pair of rabbits (male and female) is born at the beginning
of a year. Assume the following conditions:

(1) Rabbit pairs are not fertile during their first month of life but
thereafter give birth to four new male/female pairs at the end of
the month.

(2) No rabbits die

Let r,, = number of pairs of rabbits alive at the end of month n, with
rq = 1. Find a recurrence relation for r,,.
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4. Suppose you’re in the set-up ot the Tower of Hanoi problem with
three poles A, B, C, but this time you have a super-tower of size n,
which consists of n disks of size n topped with n — 1 disks of size
n—1,---, topped with 2 disks of size 2 and finally 1 disk of size 1.
Disks are transferred one by one from one pole to another, but at no
time may a larger disk be placed on top of a smaller disk. However,
it’s ok if a disk is placed on top of a disk of the same size. Let ¢,
be the minimum number of moves needed to transfer a super-tower
of size n from one pole to another. Find a recurrence relation for c,,
and briefly explain how you got your answer.
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5. Find the general solution to the following difference equations:

(8) Uny2 = Oliny1 — Yup
(b) upyz = Ttnyr — 10uy,
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' ? Solve the following difference equation

Fn+2= n+1+Fn
Fp=0,F=1
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T ”;"T:”Prfj"e or disprove the following statements:
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8. Let A = {1,2,3,4,5}, and define a function F' : P(A) — {0,1} as
follows:

0 if X has an even number of elements
1 if X has an odd number of elements

F(X) = {
(a) Is ' one-to-one?
(b) Is F onto {0,1} ?
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9 ;ﬂ. Prove that R is uncountable
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|0 & Define F : Z+ —» Z by the rule

1 ifn=1

F(n) = F (%) if n is even

1+ F(5n —9) ifnisodd

Is F' a function?
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1| % Show thatif f : A - Band g : B — C are bijections, then
go f: A— Cisabijection.
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|» & Givean example of a function%that is one-to-one but not
onto; an example that is onto but not one-to-one; and and example
that is one-to-one and onto but different from f(n) = nor f(n) =
—n. You don’t have to come up with formulas, graphs are ok too.

) owETa-oub wrl BIEE et

7 -2 -1 V] 4 < K
2
| NEYEEL
. J}
LET A0 . ¥ Nz

N~ F NS )

(o ~1) Ang Mo

. 3 “eaud [
T /6 (¢ onE ~To ~ oNE LU NeT ovie bt ¢/

N TIE Nang t oF /(

P oNl
2) oNTe Ul NS

' S eartPLE
’ (Tuf (s TeoTh TxartP

i " Fron Tar ReTEwen,

. ‘ ‘ T



14 PEYAM RYAN TABRIZIAN

13. Define the relation ~on A = Rby z ~ y if and only if z — y is
rational. Show that ~ is an equivalence relation.
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