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MATH 200 — FINAL EXAM — PRACTICE QUESTIONS

PEYAM RYAN TABRIZIAN

Note: Here are some practice questions for the final exam. I would like to
remind you that the actual exam covers not just those practice questions, but
also everything covered in lecture, in the book, and the homework. Please
refer to the study guide if you want to know exactly what to study. Also,
don’t forget to look at the practice questions for the first midterm and for
the second midterm, since they are a source of great exam questions as well.

Date: Thursday, May 4, 2017
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1. Label the following statements as TRUE (T) or FALSE (F). Any
correct answer gives you 2 points, and any incorrect answer gives
you ( points. You do NOT get points off for an incorrect answer,
and you do NOT need to justify your answers.

T/ (a) Therelation A ~ B if and only if P(A) = P(B) is an equiva-
lence relation on the set of events.

T (b) There are %1 different ways to arrange the letters in the word

F') (c) If you toss a fair coin 8 times, the probability of getting > 4
heads is 1.

@ {(d) You must pick at least 20 integers from 1 to 100 to be sure of
getting one that is divisible by 5.

@ (e) Suppose you toss a fair coin and you win $3 if you get H and
you win $1 if you get T', and suppose it costs $2 to play this

game, then the expected value of your game is $0.
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2_- 3B Suppose there are two urns. Urn 1 contains two black balls (labeled
B and Bs) and one white ball. Urn 2 contains one black ball and
two white balls (labeled 1, and W;). Suppose the following ex-
periment is performed: One of the two urns is chosen at random.
Next a ball is randomly chosen from the urn. Then a second ball is
chosen at random from the same urn without replacing the first ball.

(a) What is the probability that two black balls are chosen?

(b) What is the probability that two balls of opposite color are cho- 51 b2
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2 -#® A telephone number is formed using 7 digits. What is the probabil-

ity that a randomly chosen seven-digit phone number would have at
least one repeated digit? -
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4 + £ What is the probability that

(a) The top and bottom cards of a randomly shuffled deck of 52
cards are both aces?

{b) A five-card poker hand contains the ace of hearts?

(c} A five-card poker hand contains a full house (= 3 cards of the
same sap& and 2 cards of the same g#t, but not all of the same
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I - Z Suppose that one out of every 1000 Pokémon is shiny, and a Pokéball
with the following properties:

- If the Pokémon is shiny, the chances of catching it is 0.1 per-

cent.
~ If the Pokémon is not shiny, then chances of catching it is 50

percent.

Prof. Oak tells you that there is a magic potion that doubles the HP
of your Pokémon, but the only way to get it is by winning the fol-
lowing game: Suppose you toss a crooked coin with the probability
of having H is the probability of a Pokémon being shiny given that
you catch it. You win if, out of 10 tosses, you get exactly 3 heads.

What is the probability of getting the magic potion?
P( CLNT | CaTeld l?‘)

{ catett 1T Ligsny I PsHAY)
B T 7 i) Pt IH'ii?)rt*f( CoTC 1] NeT ;} })(!L,s_r,

Firgr (€T 4 Floung ol

By AT P sins7 o i 7)==

(Q:GQ')(O (&J 2110“’)' e— (AlL TN P

(O‘OQ])(O,@]) (o 5)(0-"(??) .

)

5 +
THEN ))( Exe (T ]H) (f“) poo-p)

i . _ < AN TRY/]
Ly vy ? BT NOLPErLENCE | THE cnuEn DCEUINTT MeTTER , s WE ALK v

IV How ManT jwette can WE GET TRE CcomplinaTtes
TIETITT ) ©)
HWNQR TTTTIT (3
Ay THE  Comtianon  HHN TTTTITT N PO sBILT7

POURWTITTZT) = f(R) PUW) POH) PCT) P(T) KT) PEYPOTIRORO
ppp Copd(1=p) O=p) Cp ) (=P (=)0

f 3 (l“]))?’




MATH 200 — FINAL EXAM — PRACTICE QUESTIONS 5

6+ g The following ‘paradox’ (although it’s not really a paradox) is called
“The Gambler’s Ruin.”

Suppose a gambler repeatedly bets on the following game: If the
coin comes up H, the gambler wins $1, but if it comes up T, the
gambler loses $1. The gambler will quit playing either when he is
ruined (has $0) or when he has $100.

Let P, be the probability that he will become broke when he begins
‘playing with $n.

(a) Justify that we obtain the difference equation

(b). Solve this difference equation. Notice that you actually know
what F, 0 and P 100“211'6!‘

(c) What are the chances‘bf going.broke when the gambler plays
with $20? With $507 with $99? Notice that the closer = is to
100, the closer P, is to 0. That is, the more modest the gambler -
is in his goal, the more likely he is to reach it.

4N

BheKE 14 PN

hTit w/
(G') JuUPpe st THE Pl En 4R

TREw  THE pne OF BERC

))N-Lll [ gUf  [F HE puets And WS, RE

1
/ Nes d N+, S0 TRE Pre6eBILITY
bro€ 15 Put
™~
&

}PN OF N1 GETTING

Puore—  4F W terer, nE Ree NS, se o

HEweE  Pa= P bnext W/ Nﬂ)
= P(unuse w/ NI () WINNNG

= P(Bndﬁ w/ N A !WWNWG) P(\NWNWG")
PunenE w N Leting) PLeine)

Puse (&) % Do (4)

(&) (Tuns PAGE)






Pnaten 6 ( CeNly mum)

(4) WE can  Wrypp T Ag Pusi—2 Py + Pais 0

{O/‘l f#i}% ""'Z._PN'H + Pn=o IF Zrew Iv“’(HrJ

= ‘{F;I}A=O = "= { neprares

AT rlo2rt! =0

v roecl
N N i
Puz AL G RN A = AGEN
MNoias Fo: ) (IF _WE (Tonxs AL - O, THEN Fon ttnf  HE'c glnEapY
Moﬁf) ‘
Aay })rm“ Yo' 7(‘14? HE (fants AT ﬂ{m, Then  RE 201 T¢ co NEJfn  Gely

gl )
7

= A + (o) | = p=i = Pu= 4 48N

= Q — 44.[(‘:0& =0 = B-‘.‘:--—-’

Po
7 {00
oy Jl"‘ ’PA_::: 4 —~ N }
[ [oo | |
() Proo= A= 20 o 4~ 1 /4%
’ foe . I K.r
: Ry
}-’s—o —~ 11— el :@J
| o \_/







6 PEYAM RYAN TABRIZIAN

“J- . Pascal’s formula states that for n and 7 positive integers and r < n,

)00

Prove Pascal’s formula both using an algebraic argument (= a cal-
culation) and a combinatorial argument (using counting).

Hint: For the combinatorial argument, suppose you have a set of
n+1 elements, say A = {1,2,--- ,n + 1} and suppose you want to
choose a subset B of A with r elements. Argue in terms of whether
1is in B or not.
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& 4 Show that
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9 . Z Suppose Dunkin’ Donuts offers 6 different kinds of donuts: Choco- |
late, Cinnamon, Powdered Sugar, Boston Cream, Jelly, and Apple
Cider. Today they only have 10 Chocolate donuts left but 40 each
of the other kinds of donuts.

(a) How many different selections of 20 donuts are there?
(b) Suppose in addition to only having 10 Chocolate donuts, it only

has 8 Powdered Sugar Donuts. How many different se¢lections
of 20 donuts are there?
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| O+ # Show that if A and B are finite and of the same size, then f : A —
B is one-to-one if and only if it is onto. Is this still true if A and B

are infinite (but of the same size)? e N\
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{1. @ In the following, either draw a graph with the specified properties, VENT(CE, ¢ T m-;;,))
or explain why no such graph exists:

() \
{a) A sirnple graph with 4 vertices of degrees 1, 2, 3, and 4. .
(b) A simple graph with 6 edges and all vertices of degree 3. \ >\
(c) A graph with 4 vertices of degrees 1, 2, 3, and 3.
(d) A circuit-free graph with nine vertices and six edges
(e) (Section 10.5) A tree with nine edges and nine vertices
(f) (Section 10.5) A trec with five vertices and total degree 10
(g) (Section 10.6) A full binary tree with 12 vertices
(h) (Section 10.6) A binary tree with 9 vertices

(i) (Section 10.6) A full binary tree with 8 internal veities and 7
terminal vertices

(j) (Section 10.6) A binary tree with height 4 and 8 terminal ver-
tices
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| <-2% (a) Find an Euler Circuit in the graphs of exercises 16 and 17 on
page 658, or show that such a circuit doesn’t exist

(b) Find a Hamiltonian circuit in the graphgof exercise 24 on page
659.
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7 - &7 (a) Is the following a tautology? Why or why not?
l
1
[Evar=pVI= GV
(b) Are the following two statements logically equivalent?
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14 # Show that if a number of the form 2" — 1 is prime, then n must be
prime as well.
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Hint: Use the identity
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| . ol Show that for all positive integers m and n, we have
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NoNNEGanvE

/s F5% (a) Show that for allgsi® integers n, we have

1
m22(¢n+2—x/n+1)

Hint: Multiply both sides by vn + 2 + v/n + 1

(b) Prove by induction on n that for all positive integers n, we have
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( Fakl ’ Use induction to prove that any integer n > ¥ can be written as

n = 2*m for some odd integer m and some non-negative integer k.
Any 7o

Hint: Argue in ferms of whether n is even or n is odd.
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18 PEYAM RYAN TABRIZIAN

] ¥ ﬁ Consider the following Tower of Hanoi Problem: There are 3 poles
in a row, and @ disks, one disk of size 1, two of size 2, .-
and n of size n, where n is any positive integer. Initially one of
the poles contains all the disks placed on top of each other in sets
of decreasing size (so at the bottom there are the n plates of size
n, then the n — 1 plates of size n — 1, until you get the 1 plate of
.size 1). Disks are transferred one by one from one pole to another,
but at no time may a larger disk be placed on top of a smaller disk.
However, a disk may be plaed on top of one of the same size. Let
8, be the minimum number of moves needed to transfer a tower of
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MATH 200 — FINAL EXAM — PRACTICE QUESTIONS 19

{7+ ## Define the symmetric difference of two sets by AAB = (A~ B) U
(B — A). Prove or disprove the following statementr
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251 28 Show that theset of all real numbers x with the property that there
exist integers a, b, ¢ such that az? + bx + ¢ = 0 is countable.
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Z 1+ ZB¥ Define the following relation ~ on R

(z,9) ~ (5, t) <= 22 + 92 =22 + 12
(a) Show that ~ is an equivalence relation.

(b) What do the equivalerice classes of ~ look like?
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zz,ﬁ.Deﬁnetherelation_rvonA=Rbym~yifandon1yifx—yis
rational.

(a) Show that ~ is an equivalence relation

(b) Show that for every z, [z] (the equivalence class of z) is count-
able B ‘ﬁ( "'{5
Hint: Show that f : Q — [z] defined by #8®) = s+ qgisa
bijection.

(c) Show that there are uncountably many distinct equivalence classes
[z], where z € R.
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