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Abstract

In this thesis, we first introduce the classical theory of orthogonal polynomials on
the unit circle and its corresponding matrix representations - the GGT representa-
tion and the CMV representation. We briefly discuss the Sturm oscillation theory
for the CMV representation. Motivated by Schulz-Baldes’ development of Sturm os-
cillation theory for matrix orthogonal polynomials on the real line, we study matrix
orthogonal polynomials on the unit circle. We prove a connection between spectral
properties of GGT representation with matrix entries, CMV representation with
matrix entries with intersection of Lagrangian planes. We use this connection and
Bott’s theory on intersection of Lagrangian planes to develop a Sturm oscillation
theory for GGT representation with matrix entries and CMV representation with

matrix entries.
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1 INTRODUCTION

1 Introduction

Orthogonal polynomials on the unit circle (OPUC) were developed by Szego around
1920. in the The theory of Matrix orthogonal polynomials on the unit circle was first
developed in the study of prediction theory [4] [5]. But the foundation paper about
the subject was written by Delsarte, Genin, Kamp in [2] and Youla, Kazanjian in
3].

Given a nontrivial matrix-valued measure on the unit circle du, we can define

inner products:

(fodn = [ F@)dug(a) (1)
(o = [ a@dnf). (12)

This gives us two sets of matrix orthogonal polynomials on the unit circle (MOPUC).
Similar to the theory of OPUC, we can define Verblunsky coefficients, GGT repre-
sentation and CMV representation from it. In the study of eigenvalues of the CMV
representation for OPUC, Stoiciu [6] described oscillation theory using the relation
that the zeros of the paraorthogonal polynomials are exactly the eigenvalues of the
corresponding CMV truncation. But the corresponding theory is not yet proven.
Hermann Schulz-Baldes developed a Sturm oscillation theory for matrix
orthogonal polynomials on the real line in [10]. He used the results of symplectic
geometry developed by Bott in [7], which connects the spectra of a matrix to the
intersection of Lagrangian planes. In this note, we use the same results of Bott to
develop a Sturm oscillation theory for GGT representation with matrix entries and

CMV representation with matrix entries.



2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

2 Matrix Orthogonal Polynomial on the Unit Cir-

cle

2.1 Orthogonal Functions

We first establish the orthogonality of functions. Let p be a measure.

Definition 2.1. An orthonormal set of functions {¢;}ier € L*(S) where I is an

arbitrary counting set is defined by the relations

(P, Pm) = /S%bmdu: Om,  mym el (2.1)

One quick observation is that functions in the orthonormal set are linearly
independent. Furthermore if the measure p is supported only on a finite number
of points N then I is necessarily finite and |I| < N. From this point we will call

measures supported on a set of finite number of points trivial measures.

Theorem 2.2. Let {f;}icr be a set of linearly independent functions in L*(S) for
some space S where I can be finite or infinite. Then an orthonormal set {¢;}icr

exists.

Not only we can prove the theorem but we can explicitly construct the set
of orthonormal functions by the Gram-Schmidt process. We first construct a set of
orthogonal functions {®;};c; as follows:

First we define a projection operator by

proj,(v) = <u’V>u. (2.2)
(u, u)
Then let
o, = fi, (2.3)
k-1
Py = fr — pr0j<1>j(fk)- (2.4)

Notice that this process will not stop because the set of functions are linearly
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2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

independent. Finally we can let

P

G = .
[l

(2.5)

Definition 2.3. Let {¢;}icr be a given orthonormal set in L*(S,du). To an arbi-

trary function f € L*(S,du), it corresponds the formal Fourier expansion

i1 + caga + - - (2.6)

where
= (o) = [ Gufn (27)

are the Fourier coefficients of f with respect to the orthonormal set {¢;}.
Now we are ready to study orthogonal polynomials.

Definition 2.4. Let p be a nontrivial measure on some space S so that for all n,
Cp = / |z|"dp < oo. (2.8)
S

If we orthogonalize the set of linearly independent functions {1,x, 22 ...} by the
Gram-Schmidt process we obtain a set of monic orthogonal polynomials {®;} and

a set of orthonormal polynomials {¢;}. Both ®,, and ¢, have degree precisely n.
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2.2  Orthogonal Polynomials on the Unit Circle

In this thesis, our main focus is the orthogonal polynomials with measure defined
on the unit circle. Let g be an arbitrary nontrivial measure on dD. We usually
normalize the measure so that u(0D) = 1. We will assume this condition from here.
By the Gram-Schmidt process we have the monic orthogonal polynomials ®,,(z) or

®,,(z; dp) for the measure p and the orthonormal polynomials ¢, given by
©n(z) = kp2" + lower order terms (2.9)
where
K = || @0 7" (2.10)

One important feature of these polynomials is that they satisfy a recursion
relationship called Szego recursion. To present the recursion, we begin with inves-

tigating some properties for orthogonal polynomials on the unit circle.

Let P be a monic polynomial of degree n, then ®, and ®,,— P are orthogonal.

So we have
(D, D) = (P, D) + (P, P — D) = (P, P) (2.11)
and in particular
[®n]? = (=", @) = (2Bp1, Br) = K, (2.12)

n

Also notice that z € dD implies
|2@nll = [|®n]| and (zf,9) = (f.27"g). (2.13)
On L?(0D, du), we define the reverse polynomial f* for f to be

[*(2) = (Raf)(2) = 2" [ (2). (2.14)
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This map is anti-unitary so we have

(Rnf, Rng) = (9, f)- (2.15)

Now we are ready to prove an important lemma.

Lemma 2.5. Up to a constant, ®}(z) is the unique polynomial of degree (at most)

n which is orthogonal to z,2%,... 2", that is, (P,27) = 0, j = 1,2,....,n, and

deg(P) <n = P = c®:. Moreover, ®*(0) =1 and

10,2 = &7 = / &7 () dpu(c™). (2.16)

Proof. Since the operator R, is anti-unitary and &, is the unique polynomial
orthogonal to 1,...,2""!, ® = R,®, is the unique polynomial orthogonal to

{R,27}5=) = {z"7})=5 = {#}}_,. For the second statement consider

®r(0) = R,(z"+ lower order terms)(0)
= (1 + (higher order terms))(0)
- 1. (2.17)

Finally,
|@nl* = (@, 2") = (Raz", Ru®u) = (1, ;) = /@Z(ew)du(ew)- (2.18)

]

Theorem 2.6. (Szegé Recursion). For any nontrivial probability measure pn on

0D, we can define a sequence {a,}5°, of numbers in D so that

D,11(2) = 20, (2) — @, P (2) (2.19)
Qr 1 (2) = ) (2) — 0 2P (2). (2.20)
Moreover,
[niall* = (1= lanl*)l12n]® (2.21)
= L0 lesP) (222)
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2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

Proof. Notice we have (2®,,2%) = (®,,2*"Y) = 0 for k = 1,...,n. So z®, is
orthogonal to z,22%,...,2" and ®,,,; is orthogonal to 1, z, 22, ..., 2". Combining we
find ®,,,1(2)—2®,(2) is a polynomial of degree n which is orthogonal to z, 2%, ..., 2"
By the previous lemma, ®,,41(2) — 2®,(2) = —a, P} (z) for some complex number
—a,. Apply R, to both sides of this equation we get ®*_(2) = @} (2) — 0, 2P, (2).

Now consider the equality we obtained:
D,11(2) + @0 (2) = 2P, (2). (2.23)
Taking the norm on both sides gives
1®ns1(2) +ARPL()I* = [l2@a(2)]]". (2.24)

Notice that the cross term is 0 since terms on the left are orthogonal. So

[nii ()7 + @@L ()P = [l2@al2)]. (2.25)
This simplifies to
[Pl = (1= Janl*)]| @] (2.26)
=TI —lasP). (2.27)
=0

Notice both ||®,,.1||* and ||®,||* are positive. So 1 — |a,|* > 0 which completes the
proof. O

Definition 2.7. From now on, we will call these «,,’s the Verblunsky coefficients

associated to a measure.

Theorem 2.8. There is a bijection between nontrivial probability measures on the

unit circle and sequences of complex numbers {au, }n>0 with |a,| < 1 for any n.

Example 2.9. One nontrivial example of orthogonal polynomials on the unit circle

is the degree one Bersterin-Szego polynomials with parameter ¢ = re®¥ € D. The

measure on the unit circle is given by w(0)du(e®) = @%du(ew} A simple



2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

calculation gives

The Verblunsky coefficients are

Oé():< OéJ:O(j21)
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2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

2.3 Matrix Representation

Orthogonal polynomials on the real line, similar to orthogonal polynomials on the
unit circle have a recursion relationship. But it is a much simpler three term

recursion:

xpn(x) = Anp+1Pn+1 (I) + bn—&—lpn(x) + anpn—l(x)' (228)

Here p,, are the orthogonal polynomials on the real line. This relationship suggests

a clear matrix representation, the Jacobi matrix:

bl aq 0 0
o= e (2.29)
0 a9 b3 as ‘-

The corresponding matrix representation for orthogonal polynomials on the
unit circle is less clear due to a more complicated recursion relationship. The first
representation is the GGT representation. It is named after Geronimus, Gragg,

and Yeplzaev. It is defined as follows:

Definition 2.10. Given a nontrivial probability measure p on 0D, we define the
GGT matriz {Gre(dp) o<k <o bY

gkg = <g0k,Z<pg> 0< k?,g < Q. (230)

Definition 2.11. Given a sequence {a,}5°, of numbers in D, we set a_; = —1

and define the matriz {Gre{ o Fol to<k t<oo 0Y

— Q1 Hf;i Pj 0<k</
g = P k=0+1 (2.31)
0 k>042

where py = (1 — |a|?)'/2.
We state without proof the fact that
Proposition 2.12. G(du) = G({an(du)}22,)

11



2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

By calculation, we find the GGT representation has the form

Qo Qapo  Qepopr  Q3Pop1p2
po —Q10p —Qoppr —a3QpP1P2

GHankizo)=| 0 p —Ges  —azaipy - |- (2.32)
0 0 P2 —Q30p

Notice that the GGT representation has a disadvantage of rows having
infinite non-zero entries. Here we introduce the CMV representation for orthogonal
polynomials on the unit circle. The name is given because of the work by Cantero,
Moral and Veldzquez [1]. It has the attractive property that both columns and rows
have only finite non-zero entries. We first will define the CMV basis which is the
building block for the CMV representation of the orthogonal polynomials on the
unit circle. Let H ) be the space of Laurent polynomials spanned by {z7 }fzk and

Py the orthogonal projection onto H e in the Hilbert space L?(0D, du). Define

g — ) Fewn =2k (2.33)
Hi—kp+y n=2k+1

and P™ = projection onto H™.
Now we define X7(10) by

—k _
o_) = =2k (2.34)
L =2k +1

We obtain the CMV basis by executing Gram-Schmidt to the X%O).

n— (0)
(1= P D)xa
Xn = O (2.35)
1(1 = PC=D)xn ||

Note that this process will not stop since our assumption of nontriviality of du

ensures that x\ are linearly independent. Thus (1 — P™=Y) D | # 0.

We can also use the ordered set 1,271, 2,272, 2%, ... to define an alternate

12



2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

CMV basis using the same procedures. So we define

Fiw — ) Hewn =2k (2.36)
/H(fkfl,k) n=2k+1

and P = projection onto Hm),

k
70 — 2.37
{ 2Rl =2k +1 ( )

and the alternate CMV basis is obtained by Gram-Schmidt the 2

_ pn=1),.00)
PN ok idiiio (2.38)
(1 — P=D)z)|

Lemma 2.13. Define 0, = Xon, Tn = X2n—1, Sn = Ton, tn = Ton_1 with o, s, labelled

byn=20,1,2,... and 7,,t, byn=1,2,.... Then we have

—n+1

T, = < Poan—1
On = Z_nSOSn
tn = Z_n¢§n—1
Sp = 2 "pap
and
zn(2) = xa(1/2). (2.39)

Proof. Using our new notation, we notice

(1 — Pogn-2)2>"""

= . 2.40
P = 10T Poan )2 1] (2:40)

Since

2 Plmyz ™" = Plrstanto) (2.41)

13



2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

we have
_n+1§02 - [Z_n+l<1 B P(0’2n72))zn—1]zn (2 42)
" (2711 — Plogn-2))2" 2"l

(1 - P—n—i—l,n—l )Zn
= P( il (2.43)

I( (—nt+1,n—1)) 2" |

n—2). (0
I i Q)Xégzl (2.44)
11— P(2n_2)X2n71||

X2n—1 (245)
= T (2.46)

The proofs of the other are similar and hence omitted. The second statement is

immediate from the first statement. O

The CMV representation, C(du) is

Cij(dp) = (xi, 2x5) (2.47)

where {x;}32, is the CMV basis. The alternate CMV representation C(dp) is the

matrix

where {r;}22, is the alternate CMV basis. The elements of the matrix C can be

determined by the following calculation:

(0j-1,205) = p2j—1P2j—2 (0j,205) = 2j X251
(1j,205) = —azj_apaj (Tj1,205) = —zj1p2;

(0j_1,2Tj) = Qgj_1p2j—2 (0, 27j) = Qajpaj 1
(Tj,27Tj) = —Qgj_100j_2 (Tj+1,2T5) = p2jpaj

14



2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

where p; = (1 — |ay|?

Similar calculations show that

aQ
Il

)¥/2. Thus
Qo Q1P P1Po 0 0
po —Quogy —pP10yg 0 0
0 oy —ear  Qspa p3p2
0 pap1 —peoi —azan  —psan
0 0 0 Qup3 —0403
Qo upo  P1Po 0 0
Po —Qiyg —pPi1Qy 0 0
0 aQepr —war  Qzpa p3p2
0 pap1 —peoi —aan  —psan
0 0 0 Qup3 —0403

(2.49)

(2.50)

We can rewrite C as a product of matrices which is useful for computations.

Theorem 2.14. With the pairs of bases {x;}52, and {r;}32, define M;;(du) =
(x5, Xj> and Eij(d,uz) = (i, ij>. Then we have

15



2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

Proof.

Cy = (Xir2x5) (2.53)
= (X x) (2.54)
= Z<271Xi;5€e>($€Ean> (2.55)

=0
= Z<Xivzx€><x£7>(j> (2.56)

=0
= > (LuMy (2.57)

=0
= (LM);;. (2.58)
The proof for C is identical. O

16



2 MATRIX ORTHOGONAL POLYNOMIAL ON THE UNIT CIRCLE

2.4 Sturm Oscillation for CMV matrix

In this section, we focus on the CMV representation. We want to study the
eigenvalues of CMV matrix but since it is infinite we need to find a valid truncation.
Given a measure du on the unit circle with the corresponding Verblunsky coefficients

{a,}, orthogonal polynomials can be calculated using the Szego recursion:
(I)k-I—l = Z@k(z) - OQ]JDZ(Z) k Z O,CI)O =1. (259)

Notice that if we make |ay| = 1, then py = 0. So the CMV matrix decouples. We
write CV as the upper half of the decoupled CMV matrix. At the same time we
define the N-th paraorthogonal polynomial,

Py (2, du, B) = 2Pn-1(2,dp) — qu]kv—l(za dp) (2.60)
We state the following important theorem

Theorem 2.15. The eigenvalues of the matriz CY are the zeros of the N -th paraorthog-

onal polynomial.

Therefore we can consider the complex function

o=

(2.61)
which has the property that ®y(e) = 0 if and only if By(e®®) = 1. Since the
truncated CMV matrix is a unitary matrix, all the eigenvalues are on the unit
circle. So we can only consider z of the form €. At the same time |3| = 1 and
|®,| = |®}|, we have By(z) lies on the unit circle. Thus we can rewrite the

expression as follows:
By(e?) = ), (2.62)

Here ny(0) is the Priifer phase. The location of the eigenvalues of the truncated
CMV matrix is signaled by a 27 increase in the Priifer phase. This is the Sturm Os-
ciallation theory for OPUC. We will develop a similar theory for Matrix Orthogonal

polynomials on the unit circle.

17



3 MATRIX ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE

3 Matrix Orthogonal Polynomials on the Unit

Circle

3.1 Matrix Orthogonal Polynomials on the Unit Circle

In an effort to study higher dimensional systems, matrix valued orthogonal polyno-
mials were developed by Delsarte-Genin-Kamp [2] and Youla-Kazanjian [3]. Here
I will give a brief introduction. Let M; be the ring of all ¢ x ¢ complex-valued
matrices. We will use P to donate the set of polynomials in z € C with coefficients
in M;. A matrix-valued measure p on C is the assignment of a positive semi-definite
¢ x ¢ matrix pu(X) to every Borel set X which is countably additive. We usually

normalize it by requiring
u(0D) = 1. (3.1)
We can associate to any such measure a scalar measure

pir(X) = Tr(u(X)) (3.2)

(the trace normalized by Tr(1) = ¢). At the same time pt, is normalized by
piy (D) = L.

Since the matrix value for the measure is positive semi-definite, we can apply
the Radon-Nikodym theorem to the matrix elements of p. So there is a positive

semi-definite matrix function M;;(z) such that

dpij(x) = My (x)dpgy (). (3.3)

Clearly we have
Te(M(z)) = 1 (3.4)
for dpgy. Conversely, and scalar measure with . (0D) = [ and positive semi-

definite matrix valued function M obeying define a matrix-valued measure.
Here we will introduce an important notation. We will use A’ to denote

the conjugate transpose of the matrix A. Given ¢ x ¢ matrix valued functions

18



3 MATRIX ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE

f, g, we define the ¢ x ¢ matrix ((f, g))r by

(fghn = / £(2) dp(2)g(z)
and <<f7 g>>L by

We also define

1£llz = (Te(f F)R)2 e = (Te((f )2

It satisfies these properties:

Ve = (f,9)ra,
(fosghr = o'(f 9)r.
(f. ok = €9,/ hr.
(fode = (9" fOr,
(f.o0. = 9.,

Ifle =[x

(3.5)

(3.6)

(3.7)

Now we define monic matrix polynomials ®%, ®L by applying Gram-Schmidt

orthogonalization to the set {1, 21, 2%1, ...} using the inner product (-, W&, (-, )z

respectively. For example, ® is the unique matrix polynomial of order n with

(zF1,0%)p =0 k=0,1,...,n—1.

(3.8)

For a matrix polynomial P, of degree n, we define the reverse polynomial

P*(2):

Pr(z2) = z"Pn(l/E)T.

19
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3 MATRIX ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE

It’s easy to show that
(Fy)" =Py (3.10)
Now we define the normalized orthogonal matrix polynomial by
po=wy =1, @y =k, and ;] = Dk (3.11)

where the k’s are defined according to the normalization condition

(on omhr = 0wl (@n, Pmhe = Guml (3.12)
along with
kb (kY >0 and  (kF)'kE, > 0. (3.13)
We now define
b= RbeE) " and = () e (3.14)

Similar to the scalar orthogonal polynomials we have the Szeg6 recursion:
Theorem 3.1. (a) For suitable matrices aX%, the following is true:

2ok —phok = (ab)Tel, (3.15)
2ol — ol pl = ol (o). (3.16)

(b) The matrices of and o are equal and will be denoted by «,,. We now call
these o, ’s Verblunsky coefficients.

(¢) ph = (1= afa,)'? and pff = (1 — azaf)'/>.

The proof for (a) is very similar to the proof in the scalar case so it will be

omitted. We will give a proof for part (b) and (c):

20



3 MATRIX ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE

Proof. (b)

+ (X1
R phok N + (@) (el of )k
e ok + (@) (el ol )L
Oy o (@) o N e

o, 2oL

20, ob* W

AR i (T LRT YA
(ool o Ve + (on (@), ok )
0+ (k™ oh*(al) e

(er™ el Nrla)T
(e e olad)t
().

0
(
{
{
(
(
{

(z0k, 20000

(phok +adol™, phok, + af ol )L
prlon i en o (o) + ol (o, o) L
(o0)? + af (el o) revn

(pr)? + afonn.

T R,

Note here that 1 — ala, is a positive semi-definite matrix. So it has a unique

positive semi-definite square root and this is how the square root is defined here.

The proof for the second equality is similar. ]

Similar to the scalar orthogonal polynomials on the unit circle, there is a

one-to-one correspondence between matrix-measures and matrix Verblunsky coef-

ficients.

Theorem 3.2. Any sequence {ozj};-";o € D> s the sequence of Verblunsky coeffi-

cients of a unique measure.

21



3 MATRIX ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE

3.2 Matrix Representation

In this section, we will develop the GGT and CMV representations for matrix

orthogonal polynomial on the unit circle. The GGT representation is defined by

Gre = (o8, 201" r- (3.17)

Of course we can define the matrix G by using ((-,-)). But the theory is identical

and hence it will be omitted here. A straight forward computation shows that

— Q1P PR 'ﬂf-l@} 0<k<Y?
Gre =< pF E=0+2 . (3.18)
0 k>(+2

In matrix form, we have

of  pkal  phpfal  phptpkal

o8 —apal —aopkal —aopkpkol
G=| 0 pf —adh —apkad | (3.19)

0 0 Pl —apal

Similar to OPUC, this does not have finite non-zero row entries. From the definition

of G, we observe the following facts:

Proposition 3.3. The matriz G is unitary in the following sense:
k=0 k=0
Proposition 3.4. Let |z| < 1. Then, for every m > 0,

> 0n(2)Gum = 20m(2); Y Gunpn(1/2)! = 20 (1/2)1. (3.21)

n=0 n=0

In order to have the feature of finite non-zero entries in both columns and

22



3 MATRIX ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE

rows, we define the following CMV basis:

Xok(2) = 2 k@ék*(z) Xok—1(2) = k+1902k 1(2), (3.22)
ton(2) = 7 FOB(2),  waea(z) = 2RO (2). (3.23)

Proposition 3.5. (i) {xu(2)}2, and {x¢(2)}2, are (-, ) r orthonormal, that is

e Xm) R = (T, Tm)) R = Okm- (3.24)

(i) x¢ is in the module space of the first £ of 1,271, z, ... and xp of 1,2,271, .. ..

We definte the CMV matrix Cppm = (Xn, 2Xm) R

Proposition 3.6. The matriz C is unitary in the following sense:

> ¢l Cim =D CurCly = Suml. (3.25)
k=0 k=0

Proposition 3.7. Let |z| < 1. Then, for every m > 0,

ZXH(Z)CHW = ZXm(Z)> z:crnn)(n(l/z)]L = sz(l/E)T, (3'26)

An important feature of the matrix C is that it can represented as the

product of two matrices:

C XTL7 sz Z Xns Zl’k CCk, Xm R = Z EnkMkm (327)
k=0 k=0
Now we define the 2¢ x 2¢ unitary matrix
t L
0, = O(an) = ( “n In ) . (3.28)

R
Pn  —0Qn

Proposition 3.8. We have the following relationships:

L= @(Ozo) D @(OZQ) D @(054) D---; (329)
M = 1g><g D @(Ozl> D @(063) RN (330)
(3.31)

23



3 MATRIX ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE

And C can be written in matrixz form:

ab pral  piet 0 0
Pt —Oéoai —aopy 0 0
0 alpf —alar  phal  phpk
0 ,05”,0{% —P§Oé1 —06204; —CY2P§
0 0 0 a}l pH —ajlozg

(3.32)

The proof is a straight forward computation and will be omitted here.
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4 Sturm Oscillation Theory for Matrix Orthogo-

nal Polynomial on the Unit Circle

4.1 Matrix Paraorthogonal Polynomial on the Unit Circle

and Its Matrix Representation

Both GGT and CMYV representation are infinite dimensional matrices. We want to

study its eigenvalues so we need to find a valid truncation.

Definition 4.1. Given any unitary 5 € M,, we define the N-th paraorhogonal

polynomial to be:

PR (2 8) = 208 _1(2) — o1 (2) B (4.1)

With 8 € M, as the N-th Verblunsky coefficients both GGT and CMV
matrices decouple. This is because for ay = 3, p% = pRk = 0. We will use GV ()
to denote the truncated GGT matrix.

of  phal  phpbal  pebpkal pEot - PR Bt
pE  —apal  —agptal —agptpkal —aopr -+ pxa

o () 0 pf  —aal —oqpkad —a1py - pR—1 B (4.2)
0 0 PN —asal —agpy - P17 .
0 0 0 0 —ay 1

Note that the matrix GV (3) has dimension N + 1.
Proposition 4.2. GV(3) is unitary.

For the CMV representation, we want to first study the £LM-decomposition,

it is known that if we define

0, = O(ay) = ( af; P ) (4.3)

Pn  —COn
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where «,, are the Verblunsky coefficients then we have

CN
S}
L —
O,
1
M = ©1
— o,
and
C=LM. (4.4)

Note ||, || < 1 for all n. If we replace ay with a unitary matrix 3 then p% = pit = 0.
As a result the CMV matrix C decouples into CV () with dimension n + 1 and a

lower half matrix. Let us define the following:

L7 = O(ap) B O(az) & -+ ® O(azy)
M2n+l =1 @(al) b---D @(O&QnJrl). (45)

Then we have

LYY MN=2q BT,  for N odd
cN(p) = Nﬁg T Nl (4.6)
(LY 2@ ) (MY, for N even.
In matrix form we have

af pfal  pfet 0 0 0

Pl —agad —agpt 0 0 0

0 abpf —adar  phal  phpk 0

cNB)y=| 0 pfpft —plar —asal —anpk 0 ,N odd
0 0 0 alpSR —aiag 0
0 0 0 0 0 ce —CYN_l/BT
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of pfal Pl 0 0 0
Pl —aoai —agpF 0 0 0
0 abplt —ofan phal  phok 0
cN(B) = 0 piplt —pion —062Oé§ —anpk 0 , N even
0o 0 0 alpf —ajey 0
0 0 0 0 0 oo —Blan_y

Similar to GV (), CY(B) has dimension N + 1.

Proposition 4.3. CN () is unitary.
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4.2 Transition Matrices

One important feature of matrix orthogonal polynomials on the unit circle is the
existence of transition matrices. They are essential in analyzing the eigenvalues for

GGT and CMV matrices with matrix entries. Recall the Szego recursion:

2ok —phok = (ab)elr, (4.7)
zon — R pR = ol ()l (4.8)

These imply a transition matrix for orthogonal polynomials:

L L
Pn “n

( J)zAL(an,z)( R*> (4.9)
Pn+1 “n’

Ak (a, z) ( Ae)y” b ?;Oﬁ ) . (4.10)

—2(pM)a (p

where

At the same time, the Szego recursion implies another set of relations:

o = 2o = ental (07 (4.11)
ot = i (on) ™ = zefan(ph) " (4.12)

In other words,
(efa el )= (of ok ) A%an,2) (4.13)

where

Ry—1

—al(p)7t (p"

Af(a,z) = ( p —Z“(f;fz_l ) , (4.14)

For our convenience, we can reorganize the above to the following:

Proposition 4.4. For z € 0D

R R
SOZ,T =T}/ (an, 2) w’fj (4.15)
gpn—i—l ()On’
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where
T (o, 2) = zART, (4.16)

Proof. First we take the conjugate transpose of equation (4.13) and we get

—(n+1), R -n R

z @n Z Pn
o ) = A (an, 2) LT“ : (4.17)
Qpn+1 P’

Now multiply both sides by z"*!

R R
Pt ) = AR (apz) [ T ) (4.18)
Spnjrl Spn’

]

For the CMV representation, it is more convenient to study the transition
properties of the CMV basis. We have that

_ L.x _
Xok(2) = 2 k%/; (2), Xok—1(2) = 2 k+190§k—1(z)

ran(2) = 7Moo (2),  waea(2) = 2 eyl (2).

By plugging these into Szego recursion we find

_ T R
ZTop = X2kQgy + X2k+1P2%k
L
ZX2k+1 = X2kP2r — X2k+1002k
_ T R
X2k—1 = Top—1Qy, 1 + TogPor 1
L

X2k = T2k-1P9k1 — L2kA2k—1-

Reorganizing these equations will give us two sets of transition functions:

T T
Lokt1 Lok

T T
X X2k —
< ?k ) = TQCk_l(Osz_l,Z) ( ?k ! ) . (420)
Lok Log—1

Proposition 4.5. For z € 0D
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0 1

Tfk(a%, z) =z (
z 0

> Al (agy, 2)

C L 0 21
151 (vop—1,2) = A%(agp—1, 2) Lo

Proof. 1f z € 0D, from the definitions of x’s and z’s we have that

_ — R,
ng(z) =z k@%k(z) X;k—l(z) =z k@zkﬂ(Z)

_ R7* _
xék@) =z k%k (2) xgk—1<z> =z k+190§k71<2)-

This gives

(X;k) o Z—k( 90£k )
- R x ’
xék Pak
ngfl _ Lk 0 1 ) ( Poe_1 )
- R, .
xgk—l z 0 Pok—1

Using the transition function for ¢’s we get

i 01\ " i
ka _ AL(agk_l,Z) ( ) ( X?k—l )
Lok z 0 Lok—1

i 01 i
X$k+1 — AL (aoy, 2) ( X?kz ) ‘
Lokt1 z 0 Lok

This completes the proof.

and
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4.3 Intersection of Lagrangian Planes and Sturm Oscilla-
tion

We first consider the matrix

1 0
J = (O _1> (4.29)

where 1 is the ¢ x ¢ identity matrix. The J-Lagrangian planes in C?* is defined to

be ¢-dimensional planes on which the form 7 vanishes.

Definition 4.6. Let ® = (¢(1),...,¢(L)) with the vectors ¢(1),...,¢(L) € C*.
Then we call ® a J-Lagrangian frame if

TP = 0. (4.30)

Definition 4.7. A J-Lagrangian plane is the equivalence class [®]. with the rela-
tion ~: ® ~ & if & = ®fc for some c € GI(¢,C). The J-Lagrangian Grassmannian

L, us the set of all equivalence classes of J-Lagrangian planes.

Proposition 4.8. The set L = {® = (a,b)T|a,b are invertible} C 1Ly, is bijective
to U(L) via the map

T1([®].) = ab™. (4.31)

Proof. Let & = Z be J-Lagrangian. We have that a'a = b'b.Therefore
[([®]))TI([®].) = (") taTab™t = 1. So II([®].) is unitary. Let U = ab~! we

U
have ¢ 1 b. This establishes the bijection. O]

Proposition 4.9. Let ® and V be J-Lagrangian planes, and Let U = II([®].) and
V =T1I([V].). Then

dim(®C* N ¥CY) = dim(ker(®TJT)) = dim(ker(VIU — 1)). (4.32)

Proof. Let us begin with the inequality < of the first equality. Suppose there are
two ¢ x p matrices v, w of rank p such that ®v = Ww. Then &I JTVw = &TJv =0
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so that the kernel of ®T 7V is at least of dimension p. Inversely, given a ¢ x p matrix
w of rank p such that &1 JWw = 0, we deduce that (J®)"Ww = 0. As the column
vectors of ® and JV are orthogonal and span C?, it follows that the column vectors
of Ww lie in the span of ®, that is, there exists an ¢ X p matrix v of rank p such
that Ww = ®wv. This shows that the other inequality and hence proves the first
equality of the proposition. For the second, we first note that the dimension of the

kernel of ®' 7 ¥ does not depend on the choice of the representative. We use the
3 vl
representative of ® = < W([l] ) ) and ¥ = ( W([l] ) ) A short calculation

shows that ®TJV = 2;UT(U — V) which implies the second equality.
[

Notice that dim(ker(VTU — 1;)) also can be rephrased as the multiplicity of

1 as eigenvalue of VIU.

Proposition 4.10. J-Lagrangian planes are mapped to the [J-Lagrangian planes

by matrices in the J-invariance group defined by
1(20,C) = {T € Mat(2¢ x 20,C)|[TTTT = £7}. (4.33)
Proof. This can be seen as:

(T®)IJ(T®)
= OITTT®
= O(+7)®
=0

]

Theorem 4.11. If z € 0D we have that both TY are TC are J -invariant meaning:
T JT = +J (4.34)

Proof. First, let’s prove that if A, B € 1(2¢,C) then AB € 1(2¢,C). This can be

32



4 STURM OSCILLATION THEORY FOR MATRIX ORTHOGONAL

POLYNOMIAL ON THE UNIT CIRCLE

seen as

A simple calculation shows that

(

01
z 0

At the same time

(AB)1J (AB)
BY(ATTA)B
BY(+J)B
+J

T
) (4.35)

(4.36)

Al(a, )T TA (a, 2)

2(ph)!
—a(pt)!

zz1 0

)

Similarly,
Af(a

This completes the proof.

Proposition 4.12. Let z € 0D.

—Z(p

22(ph) 7 = Z2(p
—za(ph) 7+ 2(p") e

R)—l _(pL)—l

—(p")!

z(p") !

R)—l Z([)R>_IOZ

(p

)

—Z(p
a(ph)”

)

R)—Qa L\—

)\ TA N a,2) = T

R
2
L,x
Yo

With (
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o X1
we have that o and " | are J-Lagrangian.
o x,

R |
Proof. Clearly < SDLO . ) and < X? ) are J-Lagrangian. At the same time the
®o’ Z

transition matrices are J-invriant. So Lagrangian planes will be mapped to La-

R T
grangian planes by these transition matrices. Thus ( SOL"* ) and ( X: > are
“n’ Ly,

J-Lagrangian.
We are interested in study the truncated versions of both matrix represen-

R
tations. For the GGT representation, let’s consider the N-th vector ( ) It

L,x
Yo

are imposing an extra condition at the end, which is ay = . From the recursion

R
can calculated from applying the first N —1 transition matrix to ( ¥o ) . But we

R
formula, this requires the vector (’OLN . | satisfy
PN
L,*
2on = on Bl (4.37)

It is important to note that this is not necessarily satisfied by the N-th vector. We
will show that the degree which the N-th vector satisfies this condition corresponds

to the multiplicity of z as an eigenvalue of G¥. We introduce the vector

89:(5T>, (4.38)

Similar to the GGT representation, the recursion formula for CMV basis

as the boundary condition.

gives the following boundary conditions based on the parity of N:

Ex}rv = —5TXN for N even (4.39)
X;rv = —5%}, for N odd. (4.40)

X
Ty

These are extra constraints on the final vector ( ) . We introduce the following
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vectors:
c z1 .
B~ = 5 when N is even (4.41)
1
B¢ = < 5 ) when N is odd. (4.42)

Again, these vectors are another way to describe the boundary conditions to suit

our purpose.

Theorem 4.13.

The geometric multiplicity of z as an eigenvalue of GV
OB
= dim NojcinBIct). (4.43)
YN
The geometric multiplicity of z as an eigenvalue of C

T
— dim (( o ) c'n BCU> . (4.44)
TN

Remark 4.14. Given the complexity of the CMV and GGT representation with
matriz entries, the eigenvalues are often hard to find. The above theorem relates
information about eigenvalues to the intersection of two Lagrangian planes. Thus
we can use the tools in symplectic geometry to find an algorithm to determine

ergenvalues.

Proof. The proofs for GGT and CMV are identical, we will present the detail for
the more difficult CMV case. Recall that we have

S Comxn(1/2)F = 2xm(1/2)'. (4.45)

Notice that since C¥ is unitary, all the eigenvalues are on the unit circle. So we have
z = 1/z. For CV, let’s introduce the vector ®y(z) = (xi(2), x1(2),..., x&(2)7.
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Notice if we can find a vector ¢ € C¢ such that
CNON(2)0 = 2@y (2)V (4.46)

then ®y(2)¥ is an eigenvector for CV with eigenvalue 2. So if we choose ¥ €

T
( Xfrv ) C* N BCC* then ¥ satisfy
TN

5513'}[\,17: —ﬂTX;VU for N even
T
N

XnU = —ﬂ%},ﬁ for N odd.

It satisfies the final boundary condition and thus we have CN®y(2)7 =
2®n(z)v. This shows that @y (2)v is an eigenvector.
Conversely, if ¢ = (t1,ta, ... tonse)t € CH s an eigenvector with eigen-

value z. We rewrite ¢ as

T =(Ty,Ty...,Tx), where Ty, = (tpry, - - tnsn)e): (4.47)

I claim that we have

CNON(2)T) = 2P n(2)Ty (4.48)

zl

and BC*. To prove the claim ®y(2)Ty = T we show the equality component-wise

1
with ®n(2)Ty = T. This shows Ty must be in the intersection of ( XN ) C*

by inducting on 7,,. The base case Ty is trivial. Then we consider the equation
CN®N(2)Ty = 2P n(2)Ty. The first two lines give

abxb(2)To + pkadxd ()T + pbptxb ()T = 2xd (2) T (4.49)
PEE ()T — aned X (2)Ty — aop™ X ()T = 2 ()T (4.50)

Let’s compare these with the first two lines of the eigenvalue equation CV T = =T

ol Ty + phal Ty + pbpt Ty = =T, (4.51)
pé%T() - O[()OJITl — Oé()plLTQ = ZTl. (452)
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We can consider x1(2)T} and xJ(z) as 2¢ unknowns. At the same time we have 2¢

linear equations. So we have the unique solution as

N =Ty ()T =T (4.53)
More generally,
[CY® N (2)To)an—12n = [P (2)To)2n—1.2n (4.54)
and
CNTan—1.0n = [208(2) T)2n—1,20 (4.55)

gives the relation 3. 1 (2)Ty = Ton_1, X5, (2)To = Thy if
Xbn_5(2)To = Ton_s, Xb,_5(2)To = Ton_s. The last such equation is exactly the
boundary condition. This completes the proof. ]

Theorem 4.15. (a) The geometric multiplicity of z as an eigenvalue of CV is equal

to the geometric multiplicity of 1 as eigenvalue of M]%(z), where
Mf(2) = 280K (2)en"(2) " (4.56)

(b) The geometric multiplicity of z as an eigenvalue of CV is equal to the geometric
multiplicity of 1 as eigenvalue of M$(2), where

M§(2) = =28\ (2)2l (2)™  for N even (4.57)

MS(2) = =N (2)zh (2)™Y  for N odd (4.58)

Proof. We can directly use Proposition 4.13 and Theorem 4.9 to conclude this

theorem. O

With this theorem, we can gain spectral information of the GGT and CMV
matrices with matrix entires, which have N/ x N/ dimension by analyzing a much
simpler matrix that has dimension ¢ x ¢. This provides an algorithm to check

whether a number on the unit circle is an eigenvalue of the GGT and CMV matrix.
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