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Abstract
In this paper, we introduce two new invariants that are closely related to Milnor’s
curvature-torsion invariant. The first, a particularly natural invariant called the spiral index of a knot, captures the number of local maxima in a knot projection that is free of
inflection points. This invariant is sandwiched between the bridge and braid index of a knot,
and captures more subtle properties. The second invariant, the projective superbridge index,
provides a method of counting the greatest number of local maxima that occur in a given
projection. In addition to investigating the relationships among these invariants, we use them
to classify all those knots for which Milnor’s curvature-torsion invariant is 6π.
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1. Introduction

Throughout this paper, we will refer only to knots, but essentially everything said extends
to links as well. A projection of a knot K is said to be in braid form if, as we travel around the
projection, we wind monotonically about a fixed axis. The braid index of the knot, denoted
β[K ], is then defined to be the minimum number of times the knot projection winds about
the fixed axis in any of its braid forms. This invariant has shown to be a powerful tool for knot
theorists because of its close relationship to other classical invariants such as bridge index
and newer invariants such as the HOMFLYPT polynomial. In this paper we investigate knot
projections that are similar to braid form but without the constraint of a fixed axis. Here we
require the knot projection to wind in a single direction; that is, we do not allow the planar
curvature of the projection to change sign. We say that this type of projection is in spiral
form and define the minimum number of “spirals” necessary for such a projection to be the
spiral index of the knot.
Spiral index, like braid index, is closely related to other properties of the knot. For instance, both impose significant structure on the Seifert circles generated from a diagram of
the knot. We also relate the spiral index of a knot to its bridge index, denoted b[K ], by showing that a projection of a knot in spiral form has the same number of local maxima in all
directions in its plane of projection. To study this more precisely, we introduce the projective superbridge index of a knot, which is related to the superbridge index defined in [5], and
which captures the greatest number of local maxima of a knot in a projection, minimized
over all projections. By relating the spiral index and projective superbridge number to the
curvature-torsion invariant defined by Milnor in 1953, we are able to identity all knots for
which this invariant is equal to 6π, a question that was posed by Honma and Saeki [4] in
1994.
2. Spiral index
We begin by introducing the notion of spiral form for a knot. Let K be a knot in R3 and,
given v ∈ S 2 , let Pv (K ) be the projection of K onto the plane P through the origin and
orthogonal to v. When the vector v is clear from context, we denote the projection P(K ).
In a projection, an inflection point is a point at which planar curvature is zero. We further
classify inflection points as either s-inflection points, where planar curvature switches signs,
or u-inflection points, where sign is unchanged. Throughout what follows, we assume that
inflection points are isolated.
Definition 1. A smooth projection of a knot K is in spiral form if the projection has no
s-inflection points.
Note that this definition is equivalent to the curvature of the projection being non-negative
at all points or non-positive at all points. Further, this lack of s-inflection points means that
a projection is in spiral form if and only if it has the same number of local maxima with
respect to every direction in the plane.
Definition 2. The number of local maxima in a projection P(K ) that is in spiral form is
the spiral number of that projection, sp(P(K )). The spiral index of a knot K , denoted by
sp[K ], is the minimum of sp(P(K )) over all spiral projections of K .
Spiral form is closely related to the braid index of a knot, denoted β[K ]. In fact, because
every knot has a projection in braid form [1], every knot also has a projection in spiral form,
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Fig. 1. The spiral form of 61 and its Seifert diagram.

as follows. Given a braid projection, we may isotope it to be sufficiently close to a circle
centered along the braid axis. Since the circle has positive curvature bounded well away
from 0, we can make the curvature of the projection very close to that curvature at all times,
but put in slight changes of curvature locally to have one strand cross over another to create
the necessary crossings in the braid. The resulting projection will have positive curvature
at all points and therefore be in spiral form. It follows immediately that sp[K ]  β[K ].
Further, since the minimum number of local maxima over all projections of a knot is no
greater than the minimum over all spiral projections, we have b[K ]  sp[K ].
Even though the braid index of a knot may be defined as the minimal number of local
maxima of a knot projection that winds monotonically around a fixed axis, often the braid
index and spiral index of a knot differ. This is because in spiral form, we do not require a
fixed axis. For instance, the projection of 61 in Figure 1 has spiral number 3, while the braid
index of 61 is 4. Thus, we have sp[61 ] < β[61 ].
Definition 3. A knot K is a curly knot if sp[K ] < β[K ]. More specifically, we say K is
an n-curly knot if it is a curly knot with sp[K ] = n.
Curly knots are relatively common among low crossing knots. Of the 81 nontrivial prime
knots up to 9 crossings, there are 33 that we know to be curly knots and only 3 which may
or may not be curly. We utilize Theorem 2·6 and its following paragraph to compute that the
3-curly knots up to 9 crossings are 61 , 72 , 74 , 77 , 76 , 84 , 86 , 88 , 813 , 814 , 815 , 94 , 97 , 911 , 913 ,
920 , 924 , 926 , 928 and 931 . The known 4-curly knots up to 9 crossings are 81 , 83 , 812 , 92 , 98 ,
912 , 914 , 915 , 919 , 921 , 925 , 939 , and 941 . It is possible that 95 , 935 , and 937 are 4-curly knots but
we suspect that their spiral numbers are 5, which would imply they are not curly. In order
to further characterize curly knots, we must consider the Seifert circles generated by spiral
projections.
Spiral form imposes significant structure on the corresponding diagram of Seifert circles.
The minimal spiral form of 61 has five Seifert circles as in Figure 1; four of these circles
“bulge out” on all sides, and one circle “bulges in” on all sides. We formalize these notions
as follows.
Given a Seifert circle C which bounds the disk D, we consider each of the “edges” of
C (the pieces of the curve between two distinct crossing points - the “vertices” of C) and
characterize them as an o-edge or an i-edge in the following manner. Let A be an ε neighbourhood of the edge e ⊂ C. Let A = A  D (so A is a one sided neighbourhood of e which
lies inside of C). Now connect the vertices of e with a straight line segment to form a bigon.
If A lies inside this bigon we say that e is an o-edge and if A lies outside of the bigon we
say e is an i-edge. We say that C is an o-circle (resp. i-circle) if all of its edges are o-edges
(resp. i-edges). If C has one or no vertices (and thus no edges) we will say C is an o-circle
only if C has curvature of constant sign.
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Fig. 2. i-circles versus o-circles.

Note that in the case that the straight line segments of C form a simple polygon, C is an
o-circle if this polygon lies inside C and an i-circle if C lies inside the polygon. See Figure 2
for examples.
L EMMA 2·1. For a knot projection in spiral form, any Seifert circle of a Seifert diagram
is either an i-circle or an o-circle.
Proof. Since each edge of the Seifert circle between two vertices has curvature of unchanging sign, we can define each side as curving inward or curving outward. Therefore if
there were a Seifert circle which is neither an i-circle nor an o-circle, there would be a vertex
at which one edge curving inward met another edge curving outward. Taking into account
the orientation of the circle, this implies that the curvatures of these two edges have opposite
signs. Since the orientation of the Seifert circle is the same as the orientation of the knot,
this contradicts the assumption that the projection is in spiral form.
L EMMA 2·2. The total planar curvature, κ, of a knot in spiral form with spiral number
sp(P(K )) is 2πsp(P(K )).
Proof. Let μ(K , v) denote the number of local maxima of the function K (t) · v where
v ∈ S 1 . Milnor proves in [8] that the total absolute curvature of a knot projection equals 2π
times the average of μ(K , v) over the unit circle. Since in the spiral projection μ(K , v) =
sp(P(K )) for all v ∈ S 1 , it follows that κ = 2πsp(P(K )).
In analogy to the characterization of the braid index as the minimum number of Seifert
circles in any projection of the knot(c.f. [10]), we have the following theorem.
T HEOREM 2·3. The spiral number of a diagram in spiral form is equal to the number of
o-circles minus the number of i-circles.
Proof. Consider the Seifert circles of an arbitrary projection of our knot K in spiral form.
Let i be the number of i-circles and o be the number of o-circles. Each Seifert circle, whether
it is an i- or an o-circle, may have vertices of one or both of the two possible forms shown
in Figure 3. We will distinguish convex cusps from nonconvex cusps and refer to these as C
cusps and N cusps respectively. Each crossing of the knot is a vertex of two distinct Seifert
circles. One of these vertices must be an C cusp and the other a N cusp, as illustrated in
Figure 3. Further, there is an angle between the tangents of the two strands of the knot at
the i th crossing. We call this the exterior angle of the crossing, and denote it by θ i . When
we refer to the exterior angle as being associated with an C cusp, we will denote it θCi and
similarly, θ Ni for N cusps.
When our Seifert circle is an o-circle, its total curvature is 2π plus or minus the sum of the
exterior angles at each of its cusps. The exterior angles compensate for the angle of rotation
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Fig. 3. Exterior angles and cusps.

ϕ1

ϕ3
θ3
θ2
θ1

ϕ2

Fig. 4. Calculation of I-circle curvature.

between the tangent vectors at the cusp. Thus the total curvature of the o-circle is
 j

θCi +
θN .
κ(O) = 2π −
C cusps

(2·1)

N cusps

Now we consider an i-circle which has only three cusps. (Figure 4). The exterior angles
are labeled θ1 , θ2 , and θ3 . The total curvature of any curve in R2 is the integral of dθ, which
(when we have no inflection points) equals the change in the angle between the normals to
the smooth curve at each of its ends. Therefore, the curvature of each edge of the i-circle can
be measured by calculating the angle between the two line segments which are orthogonal
to that edge at the crossings that determine its end points. These angles are labeled φ1 , φ2 ,
and φ3 in Figure 4.
Consider the hexagon in Figure 4, whose interior angles sum to 4π. Summing these angles
we obtain the following equation:
 j

φi −
θN
4π = 6π +
i



j

 j
Since we know φi equals the curvature of the i-circle, this equals −2π + i θ B .
Note that this formula can generalize to an i-circle with any number of sides as long as
all the cusps are N cusps. If we have such an i-circle with n sides, we can put in orthogonal
line segments as we did in the 3 side case and create a 2n-gon. Thus
thej sum of the angles is
(2n − 2)π. Here, there are n obtuse angles which sum to 2nπ − j θ N and n acute angles
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Fig. 5. Nested i-circles.

θic

Fig. 6. Replacing a C cusp on an i-circle with a smooth curve.

which sum to


i

φi . Therefore,
(2n − 2)π = 2nπ −



j

θN +

j



φi .

i

So the total curvature of any i-circle with only N cusps is

 j
φi = −2π +
θN
i

j

Our final case is when i-circles have C cusps, which occurs in the case of nested i-circles.
This is pictured in Figure 5.
In this case, we will replace each C cusp in the i-circle with a smooth curve that has the
same tangent vectors at the end points, as in Figure 6.
The curvature of each replacement curve is the curvature of the C cusp that it replaced
plus the exterior angle θCi . We repeat this process for each C cusp. The smoothed out i-circle
has only N cusps, thus we can calculate its curvature from the above argument. We then
subtract all of the θC ’s that we smoothed out to get the total curvature of the original i-circle


κ(I ) = −2π +
θ Ni −
θCi .
(2·2)
N cusps

C cusps

The total curvature of the knot projection equals the sum of the curvatures of all the Seifert
circles. Also, in both the formula for the curvature of an o-circle (Equation 2·1) and in the
formula for the curvature of an i-circle (Equation 2·2) all θC ’s are subtracted and all θ N ’s are
added. Therefore the total curvature of the knot κ(P(K )) is


θCi +
θ Ni .
κ(P(K )) = 2πo − 2πi −
i

i

Since each exterior angle is counted once as an C cusp angle and once as a N cusp angle,


θCi =
θ Ni
i

i
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(b)
(a)

=

Fig. 7. 3-curly knots.

Therefore
κ(P(K )) = 2π(o − i)
By the previous lemma, 2πsp(P(K )) = κ(K ). So we obtain
sp(P(K )) = o − i
C OROLLARY 2·4. If a knot K is curly, then any spiral projection of K realizing sp[K ]
must have at least one i-circle in its Seifert diagram.
Proof. By [10], the minimum number of Seifert circles in any projection of K equals
β[K ]. If we have a projection of K realizing sp[K ] whose Seifert diagram has only ocircles, then by the previous theorem we have that sp[K ] is equal to the number of o-circles.
As there must be at least β[K ] o-circles, we have sp[K ]  β[K ] and thus sp[K ] = β[K ].
We now use the above results to show that there are no 1- or 2- curly knots and to characterize all 3-curly knots. First, if sp[K ] = 1, then b[K ]  1 and K is the trivial knot, which
has β[K ] = 1 = sp[K ] and thus is not curly. In order for a knot with sp[K ] = 2 to be curly,
its minimal spiral projection must have a Seifert diagram with at least one i-circle. Note
that this i-circle must have more than 2 sides, as any bigon is an o-circle. Further, since an
i-circle with four or more sides would force more than two local maxima, the i-circle must
be a triangle. If the triangle has a strand with two adjacent under/over-crossings, one can
slide that strand over the third crossing of the triangle, converting the i-circle to an o-circle
without changing the number of spirals, showing that the knot is not curly. Therefore, this
triangle must be alternating. To complete this triangle to a nontrivial knot, we must add at
least two additional local maxima. Thus the spiral index is greater than 2, contradicting the
existence of 2-curly knots.
T HEOREM 2·5. Every 3-curly knot has a minimal spiral projection of the form shown in
Figure 7.
Proof. Assume that we have a 3-spiral diagram of our 3-curly knot. We suppose first that
there exists an i-circle with five or more edges. For any given vertical direction, when these
five or more edges are connected to one another to form a knot, they generate at least four
local maxima, contradicting the fact this is a 3-spiral diagram. So we need only consider
3-spiral diagrams that contain an i-triangle or an i-quadrilateral.
We begin with the case of an i-triangle. Each pair of edges of the i-triangle sharing a vertex
must be connected to one another as we continue outward from that vertex, as otherwise we
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Fig. 8. An i-triangle.

(a)

(b)

Fig. 9. Cases subsumed in Figure 7(a).

obtain either a link or spiral index greater than 3. Because the spiral number is 3, this implies
that two of the resulting exterior loops do not wrap around the i-triangle and are simple. The
third must self-intersect. Temporarily ignoring overlap among the various loops, there are
four possibilities, which appear in Figure 8.
In the first case, when the resulting loop wraps around the i-triangle, it generates diagrams
as in Figure 7(a). The other three cases, when allowing for overlap of loops, while still
protecting the integrity of the i-triangle, generate Figure 9.
Note that if two strands in a projection with curvature of the same sign when both oriented
clockwise or counterclockwise cross one another, they can be made to cross multiple times
by slightly varying their curvatures again and again. Hence, by choosing the crossings to
alternate, we can cause the two strands to twist about one another, and this allows the boxed
twists that occur in all of the diagrams.
Also note that both of the diagrams in Figure 9 can be subsumed within Figure 7(a), the
first by setting the topmost twist in Figure 7(a) to be two crossings that are not alternating
with respect to the i-triangle and the second by setting two such twists in Figure 7(a).
Suppose now that there is an i-quadrilateral as in Figure 10. Assume first that when
extended beyond the vertex they share, each pair of edges are connected to one another.
Thus, we add four exterior loops to the diagram, one for each vertex of the i-quadrilateral.
If an individual exterior loop crosses itself, this forces an increase in the spiral number to 4.
So each exterior loop is simple and cannot contain the central i-quadrilateral.
The exterior loops can overlap one another but at most two exterior loops can overlap a
third. This generates the diagram in Figure 7(b). If only two of the loops overlap, we obtain
Figure 11, which is not 3-curly, as the diagram can be rearranged to be a 3-braid.
Suppose now that there is a pair of edges of the i-quadrilateral that are not connected to
one another. Let c be one of the ends of these edges. Because of curvature and in order to
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b

h

c

g

d
f

e

Fig. 10. An i-quadrilateral.

=

Fig. 11. This yields a 3-braid knot.

avoid the creation of a link, c must connect to either b or h. If it connects to b, then there
is no way to complete the diagram to a 3-spiral diagram. Hence, it must connect to h. This
yields two local maxima in the vertical direction. Hence, a must connect to b and create a
simple loop with one local maximum. Since there can be no other local maxima in a 3-spiral
diagram, it must be that g and f cross and then are connected and d and e cross and then are
connected. This yields a diagram as in Figure 7(b).
T HEOREM 2·6. All 3-curly knots are alternating and prime.
Proof. We may assume that the knot appears as in one of the diagrams in Figure 7 and
that the crossings within a given box alternate. Note that the diagram in Figure 7(b) is a
2-bridge diagram, implying that the corresponding nontrivial knots are 2-bridge knots, all of
which are known to be alternating and prime. Hence we only need consider Figure 7(a). If
the crossings in the center i-triangle are not alternating, we can slide one strand across the
triangle and obtain a 3-braid diagram. Hence these crossings must alternate.
If the crossings in a given box are alternating with respect to the adjacent crossings of the
i-circle, then we need not alter that portion of the projection. Suppose now that the crossings
in the top box are not alternating with respect to the i-circle crossings. If there is only one
crossing in the top box, then the knot is the composition of two 2-braid knots, and must have
β = 3. Hence it is not curly.
Assume now there are at least two crossings in the top box. By performing the move
shown in Figure 12, we cause that region of the knot diagram to become alternating relative
to the triangle.
We now consider each of the lower boxes, and assume that they are not already alternating
with respect to the center of the knot. If there are no alternating crossings in the box then
the knot can be put in 3-braid form, as shown in Figure 13 and thus is not curly. Assuming
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Fig. 12. Putting 3-curly knots in alternating form.

Fig. 13. Changing to a 3-braid form.

there are crossings, we can perform a similar move to that shown in Figure 12, causing that
region to be alternating relative to the triangle. We can thus obtain an alternating projection.
Note that by [7], the knot must be in minimal crossing form. Further, as we are in minimal
crossing alternating form and the projection of the knot is not obviously composite, the knot
is prime [6].
In addition to being the minimal spiral form of any 3-curly knot, Figure 7 allows us to
generate all 3-curly knots up to a given crossing number. Although the center of Figure 7(b)
need not be alternating, there is only one non-alternating choice up to symmetry that yields
non 3-braid knots. It can be shown that each of these configurations can be converted into an
alternating knot whose number of crossings increases as crossings are added to any of the
boxes. Thus, it is possible to go through every possible combination of varying numbers of
positive or negative twists to generate all 3-curly knots up to a given crossing number. We
have determined all 3-curly knots up to nine crossings, as listed in the introduction. These
knots, along with the 3-braid knots, constitute all knots of spiral index 3.
P ROPOSITION 2·7. All 3-curly knots have braid index 4.
Proof. Consider a knot of the form shown in Figure 7(a). By performing the move shown
in Figure 14 on the alternating triangle, we can put the knot in a 4-braid form.
Curly knots as in Figure 7(b) can be seen to be braid index 4 as in Figure 15.
Although a 3-spiral knot can have at most a difference of 1 between β[K ] and sp[K ], this
does not hold in general. For instance, Figure 16 shows a curly knot with a nested pair of
i-circles, spiral index 4 and braid index 8. Although a general bound on braid index in terms
of spiral index has not yet been found, we conjecture that a quadratic bound exists.

Fig. 14. Changing a 3-curly knot from 3-spiral form to 4-braid form.
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Fig. 15. Changing to a 4-braid form.

Fig. 16. A Knot with sp[K ] = 4 and β[K ] = 8.

In Figure 17, we see a representative of a class of knots, which should yield braid index
growing quadratically with spiral index. The knots should be taken to be alternating. The
knot shown has spiral number 8 in this projection. It’s 21 i-circles are shaded. Let K n be the
corresponding generalization to an alternating knot in this class with spiral number at most
n, where n  3. Note that the number of i-circles for such a projection is (n − 1)(n − 2)/2.
Utilizing the move from Figure 14 on each i-circle and then sliding strands to put the knot
in braid form we can see that β[K n ]  n + i  (n 2 − n + 2)/2.
In fact, we expect that this is equality, and utilizing the MFW inequality (c.f.[3],[9]) to
bound braid index from below, one can see this to be true for n = 3, 4, 5. It remains to prove
the lower bound on braid index for n  6.
The following proposition provides further evidence for the abundance of curly knots.
P ROPOSITION 2·8. All twist knots of at least six crossings are curly.
Proof. We denote a twist knot by Tc , where c is the number of crossings in the “twist”
portion of the knot (equivalently, Tc is the (c + 2)-crossing twist knot.) See Figure 18.
We will first prove the result for odd twist knots. The HOMFLYPT polynomial of Tn for
odd n is
PTn (v, z) = v 2 + v n+1 − v n+3 − z 2 (v n+1 + v n−1 + · · · + 1).

Fig. 17. The knot K 8 in the family {K n }.
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Fig. 18. Putting odd twists knots in spiral form.

Recall that the MFW inequality gives us that β[K ]  (1/2)v-breadthPK (v, z)+1. This gives
us the bound β[Tn ]  (n + 3)/2. As shown in Figure 18, we can put any odd-crossing twist
knot with at least 7 crossings in a spiral form with sp(Tn ) = (n + 1)/2, giving us the bound
sp[Tn ]  (n + 1)/2. Thus sp[Tn ] < β[Tn ] for odd n and Tn is curly. The HOMFLYPT
polynomial of Tm where m is even is
PTm (v, z) = v −2 + v m − v m−2 − z 2 (v m−2 + v m−4 + · · · + 1).
The MFW inequality gives us that β[K ]  (1/2)v-breadthPK (v, z) + 1. Thus, we find that
m+4
2
We can similarly put any even-crossing twist knot with at least 6 crossings in a spiral form
with sp(Tm ) = (m + 2)/2. Therefore sp[Tm ]  (m + 2)/2. Thus we have sp[Tm ] 
(m + 2)/2 < (m + 4)/2  β[Tm ], so sp[Tm ] < β[Tm ] for even m and Tm is curly. We
conclude that all twist knots with at least 6 crossings are curly. Note that none of 31 , 41 or
52 can be curly since they all have braid index 2 or 3.
β[Tm ] 

P ROPOSITION 2·9. sp[K 1 #K 2 ]  sp[K 1 ] + sp[K 2 ] − 1
Proof. Take projections of conformations of K 1 and K 2 in minimal spiral form, α1 (t) =
P1 (K 1 (t)) and α2 (t) = P2 (K 2 (t)).
We define an exterior arc to be an arc of the projection with no crossings except possibly
at its end points such that the line that passes through its endpoints divides the plane so that
the arc is the only piece of the knot on that side of the line.
We first claim that any knot projection has an exterior arc. Given a projection lying in R2 ,
we can find such an arc by taking a horizontal line above the knot and lowering it until it
touches the knot tangentially. Here it will intersect the knot at finitely many points. Take the
point whose x coordinate is the greatest; say this is α(t0 ). Without loss of generality say we
have chosen a parameterization with orientation going in the positive x direction at α(t0 ).
Then there exists an ε > 0 such that the set of tangent lines to points in α((t0 , t0 + ε)) all
intersect the knot in exactly one place (the point of tangency). A subset of those tangency
points will be an exterior arc.
If α1 or α2 has an exterior arc that subtends an angle of  π, we do no transformation
to that knot projection. If a projection has no such exterior arc, we take an exterior arc that
subtends a smaller angle. Since the arc subtends an angle less than π, the tangent lines to the
curve at the endpoints of the arc intersect on the exterior side of the plane. Put the plane of
projection into R3 such that the line through the end-points is along the x-axis and the line
perpendicular to the x-axis that goes through the intersection point of the tangent lines be
the z-axis. Let (0, 0, h) be the intersection point of the tangent lines. Given this set-up, we
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perform a linear transformation onto the x y-plane given by:


z
xh
,
,0 .
T (x, 0, z) =
h−z h−z
This transformation sends each point p in the x z-plane where z < h to the point where the
ray from (0, −1, h) and through p intersects the x y-plane. Notice that this sends the tangent
lines to the arc at its endpoints to parallel lines therefore the projection of the arc subtends
an angle of π.
Now we claim that T preserves minimal spiral form. First of all since αi has no sinflection points, T (αi ) has no s-inflection points because if T (αi ) had some s-inflection
point, p0 = T (αi (t0 )), then for any ε neighbourhood of t0 , Bε , the tangent line to the curve
at p0 would have pieces of T (αi (Bε )) to either side of the line. The plane that passes through
the tangent line at p0 and the tangent line at T −1 ( p0 ) divides R3 into two halves. T preserves
the division into these two halves. However since αi has no s-inflection points, there exists a δ neighbourhood of t0 , Bδ such that αi (Bδ ) only on one side of this plane. Therefore
T (αi (Bδ )) is only on one side of the plane, and thus only on one side of the tangent line so
p0 is not an s-inflection point.
Note that if we consider any map in the family of linear transformations



sz
sx z
,
, z − tz
f s (x, 0, z) = (1 − s)P(x, 0, z) + s(x, 0, z) = x +
h−z h−z
and apply any of these f s (where s ∈ [0, 1]) to the spiral knot projection, there will be no
inflection points in the image.
Finally, we assert that the transformation maintains minimal spiral form. Assume to the
contrary, that the spiral number of the resulting projection is greater than the spiral number
of the original projection. Then there must exist some s0 such that the image of the knot
projection under f s0 −ε differs in spiral number by one from the image of the knot projection
under f s0 +ε for all ε > 0 which are sufficiently small. The only way to transition to a higher
spiral number requires a cusp. However, since αi is smooth, f s ◦ αi is also smooth for any
s ∈ [0, 1] and therefore has no cusps.
Thus T preserves minimal spiral form and gives us a projection of the knot which has
an exterior arc which subtends an angle of at least π. Using these spiral projections of K 1
and K 2 we can compose them by deleting the exterior arc subtending an angle of π and
connecting the loose ends with straight horizontal lines. This yields a spiral form of K 1 #K 2
which has spiral number equal to sp(K 1 ) + sp(K 2 ) − 1 giving us the upper bound.
C OROLLARY 2·10. There exist knots with arbitrarily large gaps between sp[K ] and
β[K ].
Proof. Consider the knot 61 , which has spiral index 3 and braid index 4, and compose it
with n − 1 copies of itself. Denote the resulting knot n61 . Since braid index is subadditive
under composition, β[n61 ] increases by 3 as n increases by 1. Since the spiral form of 61
has two exterior arcs of curvature π, we can compose it with itself n times along these arcs
and obtain a spiral form whose spiral number is nsp[61 ] − n which means the spiral index
can increase by at most 2 for each n. Therefore the braid index becomes arbitrarily higher
than the spiral index as n increases.
Note that an identical proof holds for any combination of curly knots composed with one
another.
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3. Projective superbridge number

We begin this section by introducing the projective superbridge number of a knot. This
invariant minimizes the greatest number of local maxima of a knot seen in a given projection.
Definition 4. Let K be a conformation of a knot in 3-space and, given v ∈ S 2 , let Pv (K )
be the projection of K onto a plane P orthogonal to v. Now let μ(w, Pv (K )) denote the
number of local maxima of the knot projection with respect to its projection onto the vector
w ∈ S 1 ⊂ P.
psb[K ] = min min max μ(w, Pv K ).
K ∈[K ] v∈S 2 w∈S 1

Note that we can define bridge index analogously as
b[K ] = min min min μ(w, Pv K ).
K ∈[K ] v∈S 2 w∈S 1

Moreover, the superbridge index of [5] is given by
sb[K ] = min max max μ(w, Pv K ).
K ∈[K ] v∈S 2 w∈S 1

It follows immediately that b[K ]  psb[K ]  sb[K ].
One of our primary interests in projective superbridge number is its relation to the stick
index, s[K ], of a knot K . Stick index is the least number of line segments in 3-space, attached end to end, needed to realize a conformation of the given knot. The following result
is useful in determining lower bounds for stick index.
P ROPOSITION 3·1. For a knot K , we have
s[K ]  2 psb[K ] + 1.
Proof. Let K be in minimal stick conformation and let v ∈ S 2 be a vector parallel to
some edge of K . Then in the projection Pv (K ) only s[K ] − 1 sticks are visible since we
have projected directly down the chosen stick. Because in a generic stick projection extrema
will only occur at the vertices, and half the extrema must be minima, our projection realizes at most (s[K ] − 1)/2 local maxima relative to any vector in the plane. Further, there
must be some vector w ∈ S 1 relative to which we see at least psb[K ] local maxima. After
minimizing over all conformations, we obtain the desired inequality.
We now turn to the relationship between projective superbridge number and spiral index.
Since a projection of a knot in spiral form has the same number of local maxima over all
directions in the plane, the greatest number of local maxima in that projection is equal to the
spiral number of that projection. After we minimize over all projections and all conformations, we see psb[K ]  sp[K ]. Because projective superbridge serves as a lower bound on
stick number, we are interested in knots, K , such that b[K ] < psb[K ]. For this case we see
that s[K ]  2(b[K ] + 1) + 1 = 2b[K ] + 3. To this end, we have the following proposition.
P ROPOSITION 3·2. If K is a knot such that b[K ] = psb[K ], then sp[K ] = b[K ].
Proof. Let b[K ] = psb[K ]. Then there is a projection P(K ) of K that realizes both b[K ]
and psb[K ]. Thus
min μ(w, P(K )) = max μ(w, P(K )).

w∈S 1

w∈S 1
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This implies μ(w, C) is constant over all w ∈ S 1 ⊂ P. Hence, P(K ) is in spiral form with
μ(w, P(K )) = b[K ] spirals so sp[K ]  b[K ]. Since the reverse inequality always holds,
the proposition follows.
An example will help to illustrate the significance of the proposition above.
Example 1. Consider 41 #n31 , the composition of the figure eight knot with n copies of the
trefoil. This knot can be realized with 7 + 2n sticks. Since both bridge index and braid index
are subadditive under composition and b[31 ] = b[41 ] = β[31 ] = 2, β[41 ] = 3, we have
b[41 #n31 ] = n + 2
β[41 #n31 ] = n + 3.
If one could show b[41 #n31 ] < psb[41 #n31 ] or b[41 #n31 ] < sp[41 #n31 ] it would follow
that s[41 #n31 ]  7 + 2n. This would provide the necessary lower bound in order to obtain
the stick indices for this infinite family of knots. Note that we know that this is the case
when n = 1.
Thus proving a subaddivity rule for spiral number under composition akin to that of braid
index or bridge index would lead not only to a better understanding of that invariant but also
to additional tools for calculating stick number.
Although a similar subadditivity result for projective superbridge index would give us
useful bounds, we can in fact show by counterexample that projective superbridge index is
not subadditive under composition.
P ROPOSITION 3·3. The projective superbridge number of a knot is not always additive
minus one under composition.
Proof. Consider the knot K = 946 , which has the following properties:
b[K ] = 3
psb[K ] = 4
s[K ] = 9.
We know sp[K ] = 4 (K is not a 3-spiral knot and it is possible to put it in 4-spiral form).
Apply 3·2 to get psb[K ] = 4. Assume for sake of contradiction that psb[K 1 #K 2 ] =
psb[K 1 ] + psb[K 2 ] − 1. Then
psb[946 #946 ] = 4 + 4 − 1 = 7.
Since 2 psb[K ] + 1  s[K ], we have
2(7) + 1 = 15  s[946 ].
On the other hand 946 satisfies the conditions described in [2] so that we can save four sticks
in composition to obtain the following upper bound on stick number:
s[K ]  9 + 9 − 4 = 14
This implies that 15  s[K ]  14, providing a contradiction.
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4. Milnor’s curvature-torsion invariant

We now relate the spiral index and the projective superbridge number of a knot to the
curvature-torsion invariant defined by Milnor in [8]. For a knot K , denote the number of
inflection points in the projection Pv (K ) by ν(Pv (K )), and the number of extrema in that
projection with respect to a vector w by μ̂(w, Pv (K )). Notice that for any projection Pv (K )
and for any w, μ̂(w, Pv (K )) = 2μ(w, Pv (K )).
Milnor defined the invariant curvature-torsion of a knot K as

(κ + |τ |).
(κ + τ )[K ] = inf
K ∈[K ]

K

More recently, Honma and Saeki proved the following theorem, which characterizes
(κ + τ )[K ] in terms of the number of critical points of the knot projection.
T HEOREM 4·1 ([4]). Let K be a knot. Then
1
(κ + τ )[K ] = min min min(μ̂(w, Pv (K )) + ν(Pv (K ))).
K ∈[K ] v∈S 2 w∈S 1
π
This characterization of (κ + τ )[K ] allows us to relate this invariant to projective superbridge and allows us to answer an open question about (κ + τ )[K ] that was posed by Honma
and Saeki.
T HEOREM 4·2. For a knot K , we have
2π psb[K ]  (κ + τ )[K ].
Let P(K ) be a smooth oriented projection of a knot conformation K into some plane P.
Then extrema in this projection are measured relative to vectors w ∈ S 1 ⊂ P. We call v ∈ S 1
a local extrema changing vector at x ∈ P(K ) if for any neighbourhood x ∈ B ⊂ P(K ),
μ̂(v + ε, B) = μ̂(v − ε, B) ± 2n

(4·1)

for all sufficiently small ε. We will call n the local multiplicity of v at x. We call v an extrema
changing vector with multiplicity n if (4·1) holds for B = P(K ).
Denote the unit tangent vector to P(K ) at p by T p . Define N p to be the rotation of T p by
π/2 in the counterclockwise direction. Given any point p ∈ P(K ), p is a critical point with
respect to a vector w when T p is orthogonal to w. Assuming that T p is orthogonal to w, note
that if Tq , for a point q  p, is some oriented angle θ away from T p then q is a critical point
with respect to some w̃ which is θ away from w. This corresponds to rotating the Frenet
frame by the angle θ. Further, if our curve has nonzero curvature at q then q is an extremum
with respect to w̃. To prove our theorem we will need the following lemma.
L EMMA 4·3. Let α be a immersed curve in R2 with no u-inflection points. Then for each
extrema changing vector v0 with multiplicity n there are n s-inflection points xi such that
v0 = ±N xi . Further, if x is an s-inflection point on α, then ±N x are local extrema changing
vectors.
Proof. Let α(t) be an immersed curve with no u-inflection points. Given some extrema
changing vector, v0 ∈ S 1 , consider the set of points, α(t1 ) = x1 , ..., α(tn ) = xn such that
v0 = ±N xi . These are the critical points on α with respect to v0 . Let ε > 0 and let B(v0 , ε)
be a neighbourhood of v0 in S 1 of all vectors whose angle from v0 is less than ε. We first
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show that for any α(t0 ) = y  xi , there is a neighbourhood B y ⊂ α of y such that for any
z ∈ B y , z is not a critical point with respect to any v ∈ B(v0 , ε).
Consider the continuous function
g: S 1 × S 1 −→ R
defined by g(t, v) = α  (t) · v. Let y = α(t0 )  xi for any i. Then g(t0 , v0 )  0 and
there exists an open product neighbourhood U × V of (t0 , v0 ) such that g(s, v)  0 for any
(s, v) ∈ U × V . Set B y = α(U ). Therefore there is a neighbourhood of α(t0 ) such that
none of the points in that neighbourhood are critical points with respect to any v in some
neighbourhood of v0 . Thus, in order to locate the critical points of α with respect to vectors
close to v0 it suffices to restrict ourselves to neighbourhoods of the points xi .
Now we prove that the only possible extrema changing points with respect to v0 are places
where curvature is zero. Reorder so that α(t1 ) = x1 , ..., α(tk ) = xk are all the critical points
which are not inflection points. Using the same function g as above, g(ti , v0 ) = 0 and
∂g
(ti , v0 ) = α  (ti ) · v0 = ±κ(α(ti ))  0
∂t
for 1  i  k. Therefore, by the implicit function theorem there are functions
h i :U −→ Vi
where U is a neighbourhood of v0 and Vi is a neighbourhood of ti such that g(v, h i (v)) = 0
for all v ∈ U . Thus we have a continuous, one to one correspondence between vectors v
in a neighbourhood of v0 and points x in a neighbourhood of xi such that x is an extrema
with respect to v. Then on either side of v0 there is one extrema with respect to that vector
in α(Vi ) for each 1  i  k, which implies that v0 is not locally extrema changing near xi
for 1  i  k. By our first argument all extrema changes must occur in neighbourhoods of
the xi , 1  i  n. Therefore the bridge change across v0 is at most 2(n − k). (Note n − k is
the number of inflection points whose normal is ±v.)
We now show that the normal vector to an s-inflection point on α is an extrema changing
vector with local multiplicity 2. Since any extrema changing vector must be the normal or
antinormal of an inflection point and the normal of each inflection point changes the extrema
count locally by 2, this will imply that a extrema changing vector with multiplicity n will be
the normal or antinormal of n inflection points.
At an s-inflection point, α(ti ) = xi , curvature changes signs. Without loss of generality
assume κ(ti − ε) < 0 and κ(ti + ε) > 0 for all sufficiently small ε > 0. Then, in this
neighbourhood of ti the Frenet frame rotates clockwise as t increases through parameter in
(ti − ε, ti ) and counterclockwise as t increases through (ti , ti + ε). Then all points within
this neighbourhood of ti have normal vectors counterclockwise of N xi . Thus in any small
neighbourhood of N xi , vectors clockwise to N xi are not the normal vectors to any points
α(t) for all t ∈ (t − ε, t + ε) and each vector in this neighbourhood counterclockwise
of v is the normal vector to exactly two extrema in (t − ε, t + ε). Then since the normal
vector to each inflection point on the curve corresponds to a local extrema change of two and
any bridge changing vector must be the normal vector of some inflection point, the lemma
follows.
Proof of Theorem 4·2. We begin by noting that the projection that minimized
μ̂(w, Pv (K )) + ν(Pv (K )) cannot have a u-inflection point. Otherwise, we may eliminate
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the inflection point, x, by a planar isotopy that gives x the sign of curvature corresponding
to the curvature in some deleted neighbourhood of x.
Now consider a knot projection that minimizes μ̂(w, Pv (K )) + ν(Pv (K )) and contains
no cusps. Such a projection is guaranteed to exist by the results of Honma and Saeki [4].
Then we may parameterize our knot projection by an immersed curve α with no u-inflection
points. By the previous lemma each change in number of extrema by 2 along α has a corresponding inflection point. Consider v such that μ̂(v, P(K )) is minimal among v ∈ S 1 .
Because μ̂(v, P(K )) = μ̂(−v, P(K )), the maximal number of extrema occurs between v
and −v. To get to the direction, say w, with the maximal number of extrema, we need one
inflection point for each pair of extrema. Since we gain the same number of extrema between
v and w and between −v and w, we get that
max μ̂(w, α) − min μ̂(w, α)  ν(α).
w∈S 1

w∈S 1

Then we have
2 max μ(v, α) = max μ̂(v, α)  min min min(μ̂(w, Pv (K )) + ν(Pv (K ))).
v∈S 1

v∈S 1

K ∈[K ] v∈S 2 w∈S 1

By the previous theorem, the right-hand side of this equality equals (κ + τ )[K ]/π. Further,
minimizing the left-hand side of the inequality over both projections and conformation of K
provides 2 psb[K ]. Hence, we obtain the desired inequality.
The bound on curvature-torsion given in [4] and the previous theorem provide the following bound for projective superbridge in terms of bridge index.
P ROPOSITION 4·4. For a knot K , psb[K ]  2b[K ] − 1.
Proof. Honma and Saeki [4] prove that for every knot K ,
(κ + τ )[K ] − 2π  2(κ[K ] − 2π)
where κ[K ] denotes the total curvature of [K ]. By a result of Milnor [8], we know that
κ[K ] = 2πb[K ]. Applying this and Theorem 4·2 to the above inequality, we get that
2π( psb[K ]) − 2π  2(2πb[K ] − 2π)
and obtain psb[K ]  2b[K ] − 1.
We now relate the curvature-torsion of a knot to its spiral index.
P ROPOSITION 4·5. For any knot K , (κ + τ )[K ]  2πsp[K ].
Proof. Consider a spiral projection P(K ) of a conformation of K which realizes sp[K ].
Then P(K ) has no s-inflection points and, as in the above proof, we may elimate each uinflection points while remaining in spiral form. Thus, P(K ) has 2sp[K ] extrema, which
implies that
μ̂(v, P(K )) + ν(P(K )) = μ̂(v, P(K )) = 2sp[K ].
Minimizing the left-hand side of this equation over all projections and conformations
provides the desired equality.
We now have the tools necessary to characterize all knots K for which
(κ + τ )[K ] = 6π, a question posed in [4].
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P ROPOSITION 4·6. For a knot K , (κ + τ )[K ] = 6π if and only if psb[K ] = 3. Further,
these knots are precisely the 2-bridge knots that are not 2-braid, and the 3-spiral knots.
Proof. If (κ + τ )[K ] = 6π then psb[K ]  3 by Theorem 4·2. However, if psb[K ] = 2
then since b[K ]  psb[K ], b[K ] = 2. Since, b[K ] = psb[K ], Proposition 3·2 implies
sp[K ] = 2. But Proposition 4·5 says that sp[K ]  3, a contradiction. Therefore, (κ +
τ )[K ] = 6π implies that psb[K ] = 3.
Conversely, assume that psb[K ] = 3. Then (κ +τ )[K ]  6π by Theorem 4·2. Also, b[K ]
is either 2 or 3. If b[K ] = 2 and β[K ] = 2, then Milnor has shown that (κ + τ )[K ] = 4π, a
contradiction. Otherwise, if β[K ] > 2, Honma and Saeki have proved that (κ +τ )[K ] = 6π.
Finally, if b[K ] = 3, then Proposition 3·2 implies that sp[K ] = 3 and Proposition 4·5
implies (κ + τ )[K ]  6π. Hence (κ + τ )[K ] = 6π.
By the argument above, psb[K ] = 3 implies that either b[k] = 2 with β[K ] > 2 or
sp[K ] = 3 as desired. Further, if b[K ] = 2 then psb[K ]  2b[K ] − 1 = 3. If β > 2 then
psb[K ]  2 implying that psb[K ] = 3. If sp[K ] = 3 then psb[K ] = 3, since psb[K ] = 2
would imply that K is a 2-braid.
We have also determined that for a knot K with fewer than 9 crossings, 2π psb[K ] =
(κ + τ )[K ]. It remains open whether there exists a knot K where 2π psb[K ] < (κ + τ )[K ].
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